The time-fractional heat conduction equation with the Caputo derivative of the order 0 < α ≤ 2 is considered in an infinite medium with a spherical hole in the central symmetric case under two types of Robin boundary condition: the mathematical one with the prescribed linear combination of the values of temperature and the values of its normal derivative at the boundary and the physical condition with the prescribed linear combination of the values of temperature and the values of the heat flux at the boundary. The integral transforms techniques are used. Several particular cases of the obtained solutions are analyzed. The numerical results are illustrated graphically. 
Introduction
The classical theory of heat conduction is based on the Fourier law which relates the heat flux vector q to the temperature gradient grad T . In combination with the law of conservation of energy, the Fourier law leads to the standard parabolic heat conduction equation. The time-fractional heat conduction equation (the time-fractional diffusion-wave equation) with Caputo derivative ∂ α T ∂t α = a ΔT, 0 < α ≤ 2, (1.1)
is obtained as a consequence of the law of conservation of energy and the time-nonlocal generalization of the Fourier law with the "long-tail memory" power kernel [15] , [18] (see also [6] ):
where I α−1 and D
1−α
RL are the Riemann-Liouville fractional integral and derivative, respectively.
Recall that the Riemann-Liouville fractional integral I α f (t) and derivative D α RL f (t) are defined as (see [9] , [14] , [22] ):
(1.4) whereas the Caputo fractional derivative has the following form (see [5] , [9] , [14] ):
Here Γ(α) if the gamma function. A detailed explanation of the derivation of time-fractional heat conduction equation (1.1) from the constitutive equations (1.2) and the law of conservation of energy can be found in [19] .
If heat conduction is studied in a domain with a boundary, the corresponding boundary conditions should be imposed. The main types of boundary conditions are the following.
The Dirichlet boundary condition specifies the value of temperature over the surface of the body under consideration
(1.6)
For time-fractional heat conduction equations, two types of Neumann boundary condition can be considered: the mathematical condition with the prescribed boundary value of the normal derivative of temperature
and the physical condition with the prescribed boundary value of the heat flux
(1.8)
In the case of the classical heat conduction equation corresponding to α = 1, these two types of boundary conditions are identical, but for fractional heat conduction equation they are essentially different. Similarly, the mathematical Robin boundary condition is a specification of a linear combination of the values of temperatute and the values of its normal derivative at the boundary of the domain
with some nonzero constants c 1 and c 2 , while the physical Robin boundary condition specifies a linear combination of the values of temperature and the values of the heat flux at the boundary of the domain. For example, the condition of convective heat exchange between a body and the environment with the temperature T e q · n 10) where h is the convective heat transfer coefficient, leads to
(1.11)
Starting from the pioneering papers [3] , [10] , [11] , [12] , [13] , [23] , [24] , considerable interest has been shown in solutions to time-fractional diffusionwave equation. Additional references concerning this subject can be found in [17] . There are several papers in which the fractional heat conduction equation [1] , [8] and the fractional telegraph equation [2] , [7] are investigated under the mathematical Robin boundary condition. In the previous publications, problems for a cylinder [20] and a sphere [21] under mathematical and physical Neumann boundary conditions were considered. In [16] fractional heat conduction in an infinite solid with a spherical cavity was considered under Dirichlet and mathematical Neumann boundary conditions.
In the present paper, the central symmetric time-fractional heat conduction equation in an infinite medium with a spherical hole is studied under both the mathematical and physical Robin boundary conditions with particular cases corresponding to mathematical and physical Neumann boundary conditions.
Solution to the problem under mathematical Robin boundary condition
Consider the central symmetric time-fractional heat conduction equation in an infinite medium with a spherical hole of radius R:
under zero initial conditions
and the mathematical Robin boundary condition
The zero condition at infinity is also assumed:
The solution to the initial-boundary-value problem (2.1)-(2.5) can be written in a convolution form
where G m (r, t) is the fundamental solution being the solution of the following problem:
where δ(t) is the Dirac delta function. We have introduced the constant multiplier g 0 in the delta term to obtain the nondimensional quantityḠ m displayed in the figures. Usually, for the considered geometry the auxiliary function v = rG m and the auxiliary spatial variable x = r − R are used, and the problem (2.7)-(2.11) is reformulated as:
(2.12)
14)
The Laplace transform with respect to time t and the sin-cos-Fourier transform with respect to the auxuliary spatial coordinate x will be used to solve the problem (2.12)-(2.16). In the case under consideration, the sin-cos-Fourier transform has the following form:
In the transform domain we obtaiñ 20) where the Laplace transform is denoted by the asterisk, the sin-cos-Fourier transform is denoted by the tilde, s is the Laplace transform variable, ξ is the sin-cos-Fourier transform variable.
Inverting the integral transforms, we get
Here E α,β (z) is the Mittag-Leffler function in two parameters α and β defined by the series representation 22) and the following formula [5] , [9] , [14] has been used:
Consider several particular cases of the solution (2.21). The case H = 0 corresponds to the mathematical Neumann boundary condition with the prescribed boundary value of the normal derivative of temperature, and the solution reads ( [16] ):
In the case of classical heat conduction (α = 1), we get from Eq. (2.21) 
(2.26) Of particular interest is also the case α = 1/2 for which
and
du. 
Solution to the problem under physical Robin boundary condition
Now we consider the central symmetric time-fractional heat conduction equation in an infinite medium with a spherical hole of radius R:
with zero initial conditions 5) and zero condition at infinity
The solution to the initial-boundary-value problem (3.1)-(3.6) can be also written in a convolution form
where G p (r, t) is the fundamental solution being the solution of the following problem:
In terms of the auxiliary function v = rG p and the auxiliary spatial variable x = r − R, the problem (3.8)-(3.13) takes the form
(3.14)
Applying the Laplace transform with respect to time t results in the following boundary-value problem
In this case the kernel of the sin-cos-Fourier transform with respect to the auxuliary coordinate x depends on the Laplace transform variable s:
(3.24) In the transform domain we get
(3.25)
After inversion of the sin-cos-Fourier transform we arrive at
The solution to the corresponding problem under physical Neumann boundary condition is obtained when H = 0:
Inversion of the Laplace transform in Eq. (3.26) depends on the value of α. For 0 < α < 1 this equation is rewritten as
Next, we use the following decompositions into the sum of partial fractions:
− 1
29)
where i = √ −1. Utilizing the convolution theorem, the solution is written as
It should be emphasized that the fundamental solution (3.31) is a realvalued function and can be rewritten as
The solution (3.31) simplifies significantly for α = 1/2 with taking into account the representation (2.27):
Similarly, returning to (3.26) for 1 < α ≤ 2, we get the required decompositions into the sum of partial fractions
The convolution theorem allows us to invert the Laplace transform and to obtain the solution:
which can be rewritten in the real-valued form as
(3.37)
The particular case corresponding to the value α = 3/2 is also obtained using the representation (2.27): 
Concluding remarks
We have derived the analytical solutions to central symmetric timefractional heat conduction equation in an infinite medium with a spherical cavity under the mathematical and physical Robin boundary conditions. The Laplace integral transform with respect to time and the sin-cos-Fourier transform with respect to the auxiliary spatial coordinate have been used. It should be emphasized that in the case of physical Robin boundary condition the order of integral transforms is important as the kernel of the sin-cos-Fourier transform depends on the Laplace transform variable. The limiting case H = 0 corresponds to the solutions of problems under mathematical and physical Neumann boundary conditions with the prescribed boundary value of the normal derivative and with the prescribed boundary value of the heat flux, respectively. The difference between mathematical and physical boundary conditions (as well as the difference between the solutions) disappears in the case of the standard heat conduction equation when α = 1. The solutions were obtained in terms of convolution of MittagLeffler functions E α,β (z); for their evaluation the algorithm suggested in [4] was applied. The solutions simplify for two typical values of the order of the time derivative: α = 1/2 and α = 3/2.
